A class of volatility functions for the forward rate process is considered, which allows the bond price dynamics in the Heath-Jarrow-Morton (HJM) framework to be reduced to a finite dimensional Markovian system. The use of this Markovian system in estimation of parameters of the volatility function via use of the Kalman filter is discussed. Further, the Markovian system allows the link to be drawn between the HJM and the Vasicek/CoxIngersoll-Ross (CIR) frameworks for modelling the term structure of interest rates.
Introduction
In the arbitrage free approach to the modelling of the term structure of interest rates, the bond price dynamics are expressed in terms of an equivalent probability measure. As a consequence the drift and the diffusion coefficients of the stochastic differential equations describing the bond price dynamics become functions of a maturity dependent volatility function. This approach has its origin in Ho and Lee (1986) but was most clearly articulated in Heath-Jarrow-Morton (HJM) (1992a). HJM (1992b) describe how their model can be used to price and hedge the entire interest rate derivative book of a financial institution thus offering a consistent approach in managing interest rate exposure.
The HJM approach requires the specification of the initial term structure in terms of forward rates and the volatility associated with these forward rates. The dynamics of the spot interest rate are then developed from those of the forward rate. The spot interest rate is also an important economic variable whose assessment determines the evolution of the bond prices. The major difficulty in implementation is that this spot interest rate is usually not path independent (i.e. it is non-Markovian) and the entire history of the term structure has to be carried thus increasing the computational complexity.
The key unobserved input to this approach to term structure modelling is the aforementioned volatility of the forward rates. Many of the forms of the volatility functions reported in the literature have been chosen for analytical convenience rather than on the basis of empirical evidence. In fact apart from the study of HJM (1990) , Flesaker (1993) and Amin and Morton (1994) there has not been a great deal of empirical research into the appropriate form of the volatility function to be used in the arbitrage free class of models. This is due to the fact that the non-Markovian nature of the stochastic dynamical system makes difficult application of standard econometric estimation procedures.
The non-Markovian feature has also made difficult the expression for prices of term-structure contingent claims in terms of partial differential equations. In the HJM approach these prices are expressed as expectation operators, under the equivalent martingale measure, of appropriate payoffs. Nowhere in the existing literature is it stated how to consistently turn this expectation operator into a partial differential equation. It is important to be able to do so in order to apply to the evaluation of interest rate sensitive contingent claims many of the recent computational advances as outlined in Wilmott, Dewynne and Howison (1993) . These techniques are the most appropriate to value various path dependent options such as American, Asian etc. but require an expression of the contingent claim price in terms of partial differential equation operators with appropriate boundary conditions. This paper assumes a form of the volatility function which is a product of the spot interest rate and a deterministic function of time having a specific but fairly general functional form. It is then shown how the spot rate process of the HJM framework leads to a finite
dimensional Markovian system. The dimension of the resultant system of stochastic differential equations is dependent on the exact form of the volatility function and it usually includes variables that are not readily observable. In order to establish an implementable estimation scheme, the Markovian system in state-space form requires application of nonlinear filtering techniques e.g the extended Kalman filter as discussed in Harvey (1989 ), or Tanizaki (1993 . This allows the prediction error decomposition form of the likelihood function to be constructed, which yields the parameter estimates when maximised.
The transformation to the Markovian form also allows easier comparison with other approaches such as, Vasicek (1977) , Cox-Ingersoll-Ross (CIR) (1985) and Hull & White (1987) . This is important in the sense that the current literature seems unable to easily reconcile all of the alternative approaches to the modelling of the term structure of interest rates.
The outline of this paper is as follows. Section 2 reviews the essential framework of the HJM model relevant to this study. Section 3 describes how the non-Markovian system for the instantaneous spot interest rate and bond price may be transformed to a Markovian system when the forward rate volatility is a deterministic function of time only, and section 4 develops such a system when the volatility is a multiplicative function of the spot rate and the deterministic function of time. Section 5 discusses how the Markovian system obtained in the previous sections can form the basis of a Kalman filter approach to the estimation of the parameters of the forward rate volatility function. Section 6 demonstrates how the Markovian representation allows the determination of a partial differential equation for the bond price which is the preference free version of the partial differential equation obtained by Vasicek (1977) . Section 7 contains some concluding comments.
Our work overlaps to some extent with that of Ritchken and Sankarasubramanyan (1995) and Carverhill (1994) however these authors do not focus on the Kalman filter and estimation issues nor on the link between the HJM and Vasicek/CIR approaches.
The Basic Structure
We recall that the starting point of the HJM (1992) model of the term structure of interest rates is the stochastic integral equation for the forward rate where f(t, T) is the forward rate at time t applicable to time T(> t). The noise term dW(u) is the increment of a standard Wiener process generated by a probability measure Q. Note that in the interests of expositional simplicity we consider only one noise term impinging on
(4') the evolution of the forward rate. The functions (u, T), (u, T) are the instantaneous drift f and volatility functions at time u of the forward rate f(u, T). HJM show that the absence of riskless arbitrage opportunities implies that the drift term cannot be chosen arbitrarily but rather will be some function of the volatility function and the market price of interest rate risk. Furthermore by an application of Girsanov's theorem, the explicit dependence on the market price of interest rate risk can be suppressed and the arbitrage free stochastic integral equation for the forward rate can be written.
where d (u) is the increment of a standard Wiener process generated by an equivalent probability measure . It is possible to relate the probability measures Q and by application of the Radon-Nikodym theorem but the details of this are not necessary for the purposes of our discussion.
It is then a simple matter to deduce that the instantaneous spot rate of interest (r(t) = f(t, t)) satisfies the stochastic integral equation
Alternatively equation (3) can be expressed as the stochastic differential equation
Application of Ito's lemma shows that the price of a pure discount bond paying $1 at time T, P(t, T), evolves according to, It is at times convenient to deal with the log of the bond price B(t, T) log P(t, T). This quantity, by Ito's lemma, satisfies
If we define the accumulated money account
then the relative bond price satisfies the stochastic differential equation Equation (5') implies that under the probability measure , Z(t, T) is a martingale. It is then a simple matter to derive the well-known result where denotes the mathematical expectation operator with respect to the probability measure . Equation (6) is the desired preference free expression derived by HJM (1992) for the term structure of interest rates. A more detailed summary of the key steps in the derivation of the HJM results is given in Appendix 1.
The principal difficulty in implementing and estimating HJM models arises from the nonMarkovian noise term in the stochastic integral equation (3) for r(t). This manifests itself in the third component of the drift term of the stochastic differential equation (3'). This component depends on the history of the noise process from time 0 to current time t. Our aim in this paper is to investigate particular functional forms of (t, T) that allow the nonf Markovian representation of r(t) and P(t, T) to be reduced to a finite dimensional Markovian system of stochastic differential equations. We investigate volatility functions of the forward rate which are, (a) deterministic functions of time of the form where p (u) is the polynomial
and , a , a , ..., a are parameters to be estimated. where G is an appropriately well-behaved function.
The motivation for the class of volatility functions chosen is to allow a high degree of flexibility in modelling the wide range of shapes of the yield curve by virture of the polynomial in the deterministic part. The functional dependence on r(t) in (8) allows for dependence on driving stochastic variables. Ideally we would like to also allow for a functional dependence on f(t, T), as in Amin and Morton (1994) . However this requires an extension of the approach we advocate here because in this case the state space representation that we derive below becomes infinite dimensional. Nevertheless the approach adopted here provides the frameowrk in which these further developments can be embedded. Essentially this extension requires application of infinite dimensional filtering techniques as discussed in Athans and Falb (1967) .
The Forward Rate Volatility a Deterministic Function of Time
We consider in this section the case where the forward rate volatility is a deterministic function of time.
Our principal result in this section can be stated as:-
Proposition 1

If the forward rate volatility function assumes the form then the instantaneous spot interest rate r(t) and log bond price B(t, T) are determined by the (n+2) -dimensional Markovian stochastic differential equation system
where
Certainly there exists a one-to-one mapping between the Z (t) and yields drawn from the term structure 1 i
and it would be possible to take (n+1) such points to tie down the Z (t). Whilst this would in principle provide i an alternative estimation procedure it has the pr actical drawback that it would require continuous observations of the term structure.
(11)
and Z (t) (i=0,...., n-1) 
Proof (see Appendix 2)
The proof relies on defining the quantities which are measures of the statistical properties of the noise process. The fact that these quantities satisfy the finite dimensional stochastic dynamical system is the crucial observation which allows us to reduce the original non-Markovian system to Markovian form of the dimension indicated.
For the purposes of estimation of HJM models we need to consider the stochastic differential equation for the bond price P(t, T). However we have considered instead the stochastic differential equation for the log of the bond price since the Markovian system that have developed in equation (10) turns out to be linear in the state variables. This latter result will be most convenient from the point of view of implementing estimation procedures (see Bhar and Chiarella (1995) ).
Since the volatility vector V(t) is independent of the state variables and is a function of time only, the stochastic dynamic system (10) is Gaussian. The quantities Z (t) (for all i) which i summarise the history of the noise process, as well as the instantaneous spot rate of interest r(t) are not readily observable (many empirical studies attempt to proxy r(t) by some short-
term rate e.g. 30 day treasury bill rates). Thus in developing estimation techniques we need also to consider the observation vector (which in this case reduces to a scalar) where
The system (10) with observation vector (12) is now in a form to which we are able to apply Kalman filter estimation techniques to form the log-likelihood function and hence estimate the parameters specifying the volatility function.
For later purposes it is of interest to focus on the special case so that
This form of the forward rate volatility corresponds to that of the Vasicek (1977) model. In this case there is only one subsidiary stochastic variable, namely Z (t), however it does not 0 directly influence the drift term of the stochastic differential equation for r(t), which then becomes where The stochastic differential equation (14) is of the same mean-reverting form as that employed by Vasicek. The difference being that the short run mean D*(t), because of the arbitrage free derivation, is dependent upon the initial forward rate curve and the function describing the volatility of the forward rate.
The Forward Rate Volatility the Product of a Deterministic Function of Time and a Function of the Spot Rate
.
In this section we shall assume that (t, T), the forward rate volatility has the functional f form where G is a well-behaved function and (v, T) is as defined in equation (7). A typical example of G would be
The reasonableness of the functional specification in equation (15) remains an empirical issue. Our main purpose in introducing it here is to provide yet another example of a specification under which the HJM approach yields a finite-dimensional Markov process for the state variables. A secondary purpose is to help clarify the link between the HJM approach and that of Vasicek/CIR.
The argument leading to the arbitrage free expression for the stochastic integral equation driving the forward rate remains the same, so that we have Equation (17) may also be written as the stochastic differential equation
The corresponding stochastic integral equation for the instantaneous spot rate is given by which can also be expressed as the stochastic differential equation
We can use (17) and (19) to obtain It again easily follows by Ito's lemma that B(t, T) = ln P(t, T) satisfies the stochastic 
Proof (see appendix 3)
The proof of proposition 2 relies upon defining the quantities
which satisfy the finite dimensional stochastic dynamic system and which satisfy the stochastic differential equation (A3.11). These quantities measure statistical properties of the time path of interest rates. As with proposition 1 the fact that they satisfy a finite dimensional stochastic system is the crucial observation which allows us to reduce the original non-Markovian system to Markovian form of appropriate dimension.
The observation vector in this case is similar to equations (12) with appropriate dimension of C.
Let us consider some specific examples.
Consider first of all the case when the deterministic function of time (t, T) is a constant and G is the power function specified in equation (16) i.e.
so that This form of the volatility for the forward rate allows us to see the link with the Vasicek/CIR approach. It follows that the Markovian stochastic differential equation system then becomes
The volatility function for the instantaneous spot rate of interest in equation (25a) is of the same form as in the Vasicek/CIR class of models.
Another example is obtained by setting a = 0 (but 0) so that 1
In this subcase the system (A4.10) and (A4.11) reduces to This is the two-dimensional, Markovian system obtained by Ritchken and Sankarasubramanyan (1995) .
Proposition 2 gives a representation for the special cases n = 0, 1. For the case of general n 1 we can state:
Proposition 3
When the forward rate volatility function has the form then the instantaneous spot rate r(t) and long bond price B(t, T) are determined by the M dimensional Markovian system where and Z (t) (i=0, ...., n-1), (t) (0 < k n+1, 0 j k) are subsidiary stochastic variables describing i jk statistical characteristics of the history of the noise process up to time t. The time and state
Q dependent vectors J(r, t), V(r, t) and the constant matrix H can be set up from the procedure described in appendix 4.
Proof (see appendix 4)
The dimension of the system increases rapidly with n. For n=1, the dimension is 8, and n=2 it is 13. It is thus clear that the computational burden for even n=2 is extremely high. But for special cases such as equations (24) and (26) for forward rate volatility, a 3-dimensional system is involved which is fairly simple to implement.
It is important to point out that the finite dimensional state-space representation in propositions 1, 2, 3 are not unique. For certain values of n it is possible to find relationships between the subsidiary variables Z (t), (t) that allow a reduction in the dimensionality of i ij the system. For instance in the case n = 0 proposition 3 indicates that we are dealing with a four dimensional system in B(t, T), r(t), Z (t), and (t). 
Estimation via Kalman Filtering
In order to estimate the parameters of the volatility function of the forward rate based upon a series of observations on bond prices (or log bond prices), the spot instantaneous interest rate enters the process. This is not a readily observable variable in the market. Besides, the path dependent nature of the instantaneous spot rate in the HJM framework increases the burden of computation. Hence, the need for transformation to a Markovian form arises. The previous two sections describe how this can be achieved for a fairly general class of volatility function. In this section we outline how the Markovian state-space representation obtained in the previous two sections allows application of Kalman filtering methodology to the problem of estimating the parameters used to specify the forward rate volatility function. Further details of this approach together with implementation to market data can be found in Bhar and Chiarella (1995) .
It is important to stress that the state space representation is merely a reexpression of the expectation operator form (6). Furthermore both representations are under the equivalent measure and are therefore preference free. The expectation operator form (6) has been the starting point of those empirical studies based on preference free models such as Flesaker (1993) and Amin and Morton (1994) . The intuitive reason why it is appropriate to do empirical analysis under this measure is that the future price evolution is with respect to the currently observed initial term structure. This is in contrast to the equilibrium class of models, such as Cox, Ingersoll and Ross (1985) , which seek to explain both the current term structure as well as the future price evolution as a function of a (small) number of dynamic economic state variables. This class of models naturally involves the market price of interest
rate risk and hence their representations are under the original measure Q and necessarily involve estimating the market price of interest rate risk. Hence our state space representation under the equivalent measure is the appropriate form to use when the dynamic evolution is with respect to the current initial term structure.
The simultaneous stochastic differential equations given by equations (10) and (23) have the general structure with observation vector
In the general case, F and V may be non-linear in the state variables and represents the parameters of the volatility function to be estimated.
Expanding the drift term in equation (29) in a first order Taylor series about each observation S(t ), t (k = 1,....,N), concentrating on the interval = t -t , and approximating the
volatility vector over this subinterval by its value at the beginning of the interval, the system (29) reduces to the linear system (l is the size of the state vector S):
where,
The crucial point is that this procedure leaves V constant within the interval . In this k k interval, since equation (28) is linear in S(t), the solution of equation (28) is given by, Since is a Wiener process, S has a conditional normal distribution within , and the k+1 K first two moments are,
Since not all elements of the vector S are observable directly the quantities in (33a) and ( The definition of the terms in (34a) and (34b) where Q is given by (33b).
k+1
The recursion for the error covariance completes the specification,
Under the assumption of a normal distribution as incorporated in (33a), (33b), the transition probability density function for the state vector S to S can be written for a given set of k k+1
observations (T), with the help of the updating equations, (35a) and (36). Following the arguments in Harvey (1990) and Tanizaki (1993) , the likelihood function is given by,
16 (37) with,
The parameter vector can be estimated by maximising the likelihood function with a suitable numerical optimisation technique. Further details and applications to empirical data are discussed in Bhar and Chiarella (1995) .
The issue of identifiability is important in the estimation of the model parameters, since lack of identification may lead to practical difficulties. This concept centres around the notion of observational equivalence between two or more structures of the model (see Wall (1987) ). For a given form of the volatility function , the state space representation used in this section f (equation 32) ensures a unique correspondence between the parameters of , e and the error f k covariance. Thus, the forecast error decomposition form of the likelihood function is well defined in terms of the parameters of . 
A Preference Free Partial Differential Equation for the Bond Price
Both the HJM and Vasicek approaches to the modelling of the term structure are based on arbitrage arguments. The HJM approach has the important advantage that it is preference free and contains all of the information impounded in the current forward rate curve. Another important distinction between the two approaches is the mathematical expression for bond price. In HJM, because of their use of martingale ideas, the bond price is expressed as an expectation, whose transition probability density function is driven by a non-Markovian stochastic dynamical system. In Vasicek, the bond price is determined by a partial differential equation, which Vasicek shows can also be expressed as an expectation though both forms involve the market price of interest rate risk. Furthermore the Vasicek approach does not make use of the information in the current forward rate curve, though Vasicek does show that given the particular functional form that he assumes for the market price of risk function, the market price of risk parameter can be related to the slope of the current forward rate curve at maturity.
The relationship between these two arbitrage based approaches to term structure modelling still remains unclear since one does not seem to find in the literature a partial differential equation representation of the bond price in the HJM framework. The Markovian representation of the spot rate derived here allows the derivation of a preference free differential equation for the bond price which bears a strong resemblence to the one obtained
from the Vasicek approach.
We have seen in section 3 that assuming the Vasicek form for the forward rate volatility the spot rate of interest in an arbitrage free economy is driven by the stochastic differential equation (14a), which we rewrite here,
The stochastic differential equation (38) has associated with it the Kolmogorov backward equation for the transition probability density (i.e. the probability of observing r(T) at time T conditional on r(t) at time t), where t ranges say between the limits T < t < T. The initial time T could for example be c c the maturity date of an option on a bond maturing at T.
It is more convenient to introduce the elliptic partial differential operator K and write (71) more succintly as
We also recall that (39) is solved subject to the initial condition where is the Dirac delta function.
Given the transition probability density function we can in principle calculate the expectation in (6). However this calculation is not so simple as we need to calculate the expectation not of a function of the state variable r(t), but rather of a functional of that variable, viz.
The technique that allows us to calculate the expectations of such functionals is the Feynman-Kac theorem which is discussed in Gikhman and Skorokhod (1965) . Application of this result allows us to state that the expectation of the functional in (6) satisfies the partial differential equation
1 . (42) subject to the initial condition Equation (41) should be compared with the partial differential equation for the bond price which is derived by Vasicek. They differ only in the coefficient of the term, which in (41) is preference free and dependent on the volatility function, whereas in Vasicek this coefficient involves the arbitrarily specified drift term in the process for r, the preference dependent market price of risk parameter and a volatility parameter. Equation (41) should be viewed as the preference free version of the Vasicek partial differential equation. It is also possible by following the approach we have adopted to obtain a corresponding preference free partial differential equation when one adopts the Cox-Ingersoll-Ross (1985) square root process for the volatility of the spot rate. Furthermore it is possible to draw a link to the approach of Hull and White (1990) who assume a time varying drift term in the process for r(t) and by various manipulations express it in terms of the current forward rate curve. These manipulations are essentially an indirect way of arriving at the expression D*(t) in equation (14b). Many of these points are discussed in detail and elaborated upon in Chiarella and El Hassan (1996) , our main purpose here has been to show how the Markovian representation of HJM allows preference free forms of the Vasicek (and indeed Cox-Ingersoll-Ross) partial differential equations to be obtained.
P r
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It has been shown by Ritchken and Sankarasubramanian (1995) that in the case of volatility functions of the form (7) it is possible to obtain a closed form solution for the bond price in equation (41). This fact has been employed by Chiarella and El Hassan (1996) in using the above framework to numerically calculate values of American bond options.
Conclusions
The Heath-Jarrow-Morton (1992) model of the term structure of interest rates has the desirable property of being preference-free. It also has the characteristic that it allows the stochastic dynamics of the instantaneous spot rate of interest and bond prices to be nonMarkovian, a characteristic which makes it more general (at least in its dynamic evolution structure) than models which have preceded it. It is also this non-Markovian characteristic which is the principal difficulty in implementing and estimating Heath-Jarrow-Morton models.
In this paper we have shown that specification of the forward rate volatility as a certain deterministic function of time multiplied by a function of the instantaneous spot rate of interest allows the dynamics of the Heath-Jarrow-Morton model of the term structure of interest rates to be expressed as a finite-dimensional Markovian stochastic dynamical system. This dynamical system may be discretised to a form whose estimation is conveniently approached using the full array of well developed Kalman filter techniques. The approximation procedure leading to the discretisation in equation (32) is about the crudest that can be employed. Better discretisation schemes are possible and these are discussed in Bhar and Chiarella (1995) . Our principle aim in this paper has been to show how it is possible to go from the HJM formulation of the term structure to an estimable discretised form under a reasonable specification of the volatility of the forward rate process.
A further use of the Markovian representation we have developed is to allow representation of the partial differential operator of the Kolmogorov equation for the transition probability density under the equivalent martingale measure. Having this partial differential operator allows us to write down the partial differential equations satisfied by the bond price and other contingent claims (e.g. bond options). Such a representation provides an alternative starting point for the numerical implementation of the Heath-Jarrow-Morton framework. Some of these issues are explored in Chiarella and El Hassan (1996) particularly in relation to the evaluation of American bond options within the HJM framework.
A topic for future research is to develop techniques which allow the forward rate volatility function to be a function of the forward rate itself. In this case it does not seem possible to obtain a reduction to a finite dimensional Markovian system and it becomes necessary to view the estimation problem as one of Kalman filtering in infinite dimensional space. which is then used to define the relative bond price
The relative bond price satisfies the stochastic differential equation
We know from standard arbitrage arguments (e.g. Vasicek (1977) ) that in order that there not exist riskless arbitrage opportunities between bonds of differing maturities then the instantaneous bond return in (A1.5) must satisfy which simplifies to Using (A1.6) this last equation may be written explicitly as Keeping t fixed and differentiating with respect to a varying maturity T, (A1.11') reduces to i.e.
which is HJM's equation (18). The key advance in the HJM approach is the observation that (A1.13-15), by use of Girsanov's theorem, can be written in terms of a different Brownian motion generated by an equivalent martingale probability measure. Thus if we define a new Brownian motion (t) by i.e. The only remaining difficulty is the term which appears in the expression D (t) in equation (A4.6). Given the assumed functional form r for (v, t) this last integral can be expressed as a sum of terms involving which describe statistical characteristics of the history of the process for r(t).
dP(t, T) [ r(t) (t) a(t, T) ] P(t, T)dt a(t, dZ ( t, T ) ( t ) a ( t, T ) Z ( t, T ) dt a ( t, T )
Note that for each k whilst for 1 j (n+1)
Hence we again obtain a Markovian system, the order being determined by n. For n = 1, the number of subsidiary state variables required is 5 and in general of the variables will be required. Also, n of the Z subsidiary stochatsic variables will be m required, m varying from 0 to n-1.
